The shell model has been the main framework for exploring the structure of hypernuclei identified in nuclear reactions induced by pions, kaons, and electromagnetic probes. Its validity was firmly established in experiments ͓1-3͔ conducted mainly at the Brookhaven National Laboratory ͑USA͒ and KEK ͑Japan͒. In an approach based on the many-body theory, it is necessary to develop a reliable method for calculating the effective hyperon-nucleon ͑YN͒ interactions in a chosen model space starting with a YN potential in free space. This is needed for using hypernuclei to learn about the YN interactions which are poorly understood mainly because of the lack of extensive YN reaction data.
The calculations of effective YN interactions for shellmodel studies have been performed by many authors ͓4-11͔. In almost all of these previous approaches, it was assumed that the harmonic oscillator basis wave functions for nucleons and hyperons are of the same frequency; i.e., ប ⌳ ϭប N . ͑For ⌳
16
O, it is common to use ប ⌳ ϭប N ϭ11 MeV.͒ Dalitz et al. ͓8͔ have employed higher-nodal oscillator or Woods-Saxon wave functions for the p-state lambda particle. In this paper we will demonstrate that a two-frequency shell with ប ⌳ Ͻប N model is needed to give a more realistic description of the structure of hypernuclei. This is motivated by the following consideration: In shell model descriptions of nuclei, the oscillator frequency ប is usually determined by fitting the shell-model nuclear rms radius to the experimental one. The shell-model rms radius is proportional to 1/ͱm where m denotes the baryon mass, and we note that the lambda mass is significantly heavier than the nucleon mass. Thus we see that ⌳ should be smaller than N if the rms radii for ⌳ and N are equivalent. Since a ⌳ hyperon in a nucleus is in general much less bound than nucleons, the rms radius for ⌳ is likely to be larger than that for N, further suggesting that it may be more appropriate to use different shell-model basis functions for nucleons and hyperons, with ប ⌳ less than ប N . This situation is similar to the shell-model approach of halo nuclei. In Ref. ͓12͔ , it was shown that the use of a different frequency to describe the oscillator wave functions for the halo nucleons is essential in getting a realistic description of the core polarization effects.
Our main framework is based on a folded diagram approach ͓13-15͔. Let us take hypernucleus ⌳
O as an example to illustrate our method. Since the full many-body problem for hypernuclei is usually very difficult to solve in practice, we need to reduce the full-space problem to a manageable problem defined in a model-space P. The equation in the P-space is well known and is formally defined by (H 0 ϩV e f f ) P⌿ m ϭE m P⌿ m , where the eigenvalues and eigenstates ͕E m ,⌿ m ͖ belong to a small subset of the solutions of the original full-space many-body Schrödinger equation H⌿ϭE⌿. In the above, V e f f is the effective interaction, and H 0 is the unperturbed one-body Hamiltonian.
The central problem here is of course to develop a manageable method for calculating the model-space effective interaction V e f f , starting from a chosen YN potential V Y N . One relatively convenient way is to apply the Q -box foldeddiagram method of Kuo, Lee, and Ratcliff ͓13, 15͔ . In this way, V e f f is given by a Q -box folded-diagram series, and a first step is to calculate the G matrix by way of the integral equation ͓10͔
where V represents V Y N and m and t, respectively, denote the baryon mass and kinetic energy. The Pauli exclusion operator Q is to ensure that the intermediate states in the propagator must be outside the chosen model space P; denotes the starting energy. An exact treatment of the Pauli operator in solving Eq. ͑1͒ has been developed ͓9,10͔, for the case where the oscillator frequencies for the nucleon and for the hyperon are the same, namely ប N ϭប Y . We have extended this treatment to the two-frequency case where ប N and ប Y are different. Here we follow closely the methods described in Refs. ͓9,12͔, and have employed a Pauli operator specified by (n 1 ,n 2 ,n 3 ) ϭ(3,10,21) for nucleons and (n ⌳2 ,n ⌳3 )ϭ(6,10) for the lambda particle. In our calculation, we need to perform a laboratory (n 1 l 1 ,n 2 l 2 ) to relative and center-of-mass (nl,NL) transformation for the two-particle shell-model wave function. Here we encounter a well-known technical difficulty, namely a convenient Moshinsky-type theory for performing the above transformation, for the two-frequency case, is not yet available. As was done in Ref. ͓12͔, we surmount this difficulty by expanding the wave functions with ប ⌳ in terms of those with ប N , or vice versa. Usually it is necessary to include up to eight terms in the expansion to obtain high accuracy.
In this work, the frequency for nucleons is chosen by using the empirical formula ប N ϭ45A
ϭ14 MeV for the considered Aϭ16 system. The frequency ប ⌳ for the ⌳ orbits plays an important role, and is treated as a parameter in our calculation. Clearly the success of this approach depends on whether the predicted ground state energy saturates against the variation of ប ⌳ . This may depend critically on the starting baryon-baryon potential V. In this work, we have employed the Nijmegen NSC97 ͓16͔ and NSC89 ͓17͔ and the Jülich-B ͓18͔ YN potentials in our calculation.
We consider the low-lying states of ⌳
O to be composed of a ⌳ particle on one of the (0s 1/2 ,0p 1/2 ,0p 3/2 ) orbits coupled to a neutron-hole on one of the (0p 3/2 ,0p 1/2 ) orbits. To calculate the spectrum of this hypernucleus, we need to calculate the ⌳ particle-neutron hole matrix elements of the effective interaction V e f f . Following Ref. ͓11͔, this is done by first calculating the Q box consisting of diagrams firstand second-order in the G matrix. We then sum up the Q -box folded-diagram series to all orders by using the LeeSuzuki iteration method ͓19,20͔.
We first calculate the single particle ͑s.p.͒ energies for the ⌳ particle with respect to a 16 O core by using the above folded-diagram method, with the Q box consisting of the one-body diagrams S 1 and S 3 of Ref. ͓11͔. Our results for the Nijmegen potentials are presented in Fig. 1 . Here the dependence of the calculated s.p. energies for the ⌳s 1/2 orbit on the oscillator frequency ប ⌳ is displayed. The upper curve is obtained with the NSC89 potential. We note that it reaches a saturation minima at ប ⌳ Ϸ10 MeV which is much smaller than the value ប N ϭ14 MeV for nucleon orbits. The lower curve is obtained with the NSC97f potential, and has a saturation minimum at approximately the same ប ⌳ location.
It should be pointed out that the above calculation deals with the energy difference of two nuclear systems ( ⌳
17
O and 16 O), and it is not a variational calculation in the sense that its saturation minimum is not an upper bound for the exact s.p. energy. However, we should at least require our calculation to be stable with respect to a small variation of ប ⌳ , and this requirement is met at the above saturation points. Thus our two-frequency calculation suggests that preferred and reasonable choices for the oscillator frequencies are those given by the above saturation points, namely ប N ϭ14 MeV and ប ⌳ ϭ10 MeV. Consequently, the ⌳s 1/2 s.p. energy is given by the energy at the saturation points of these curves, namely Ϫ12.6 and Ϫ16.9 MeV for the NSC89 and NSC97f potentials, respectively. ͑The corresponding empirical value is about Ϫ12.5 MeV ͓21͔.͒ Fujii, Okamoto, and Suzuki ͓22͔ have carried out extensive unitary-modeloperator ͑UMO͒ calculations for ⌳
O using also the Nijmegen potentials. Our results are qualitatively similar to theirs. For example, their UMO results for the above s.p. energy are approximately Ϫ11.7 ͑NSC89͒ and Ϫ16.2 ͑NSC97f͒ MeV. We have also tried Nijmegen potentials NSC97a through NSC97e, and obtained similar overbinding for the s.p. energy when using (ប N ,ប ⌳ )ϭ(14,10) MeV. In passing, we mention that the above two-frequency s.p. calculation has also been performed using the Jülich-B ͓18͔ potential. The shape of the saturation curve obtained is fairly similar to those shown in Fig. 1 . The 17 O ⌳ s.p. energy at the saturation point of ប N ϭ14 and ប ⌳ Ϸ10 MeV is 15.8 MeV, also in satisfactory agreement with the corresponding UMO result of Ϸ15.5 MeV ͓22͔.
As mentioned earlier, one often takes a one-frequency choice with ប ⌳ ϭប N ϭ11 MeV in shell model calculation for ⌳
16
O hypernucleus. With this choice the above s.p. energies become Ϫ9.9 and Ϫ12.7 MeV for the NSC89 and Jülich-B potentials, respectively ͓11͔, and Ϫ13.1 MeV for the NSC97f potential. Comparing this with the twofrequency calculations, there is a general reduction of the binding energy. A possible reason for this behavior may be the following: When changing (ប N ,ប ⌳ ) from ͑14,10͒ to ͑11,11͒ MeV, there are both an increase of the kinetic energy and a decrease of the potential energy, resulting in a net decrease of the s.p. energy.
A possible shortcoming of our present calculation may be pointed out. With ប N fixed at 14 MeV and ប ⌳ approximately in the range of 4 to 14 MeV, our calculated ⌳p 1/2 state turns out to be unbound for the NSC89 and NSC97f potentials. Similar unbound behavior was also observed when using the Jülich-B potential for ប ⌳ ranging approximately from 11 to 14 MeV. This state is a very weakly bound state, and the degrees of freedom provided by our 
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present model may not be adequate for its description. Further studies of this state within our framework are needed and are being carried out.
Several authors ͓23,24͔ have pointed out that the ⌳NN three-body force may play an important role for the spin dependence of the ⌳N effective interaction. A main purpose of our present work is to study this three-body force, focusing its effect on the low-lying spectrum of ⌳
16
O and the spin dependence of the ⌳N effective interaction. This three-body force is induced by N⌳ϪN⌺ transitions, as illustrated by diagram ͑a͒ of Fig. 2 , which is drawn with respect to the bare vacuum. It becomes the particle-hole diagram ͑b͒ of the same figure when transformed to the particle-hole vacuum.
In Fig. 3 , our results for the spectrum of ⌳
O calculated with the NSC89 and NSC97f potentials are presented. For both calculations, we have used ប N ϭ14 MeV and ប ⌳ ϭ10 MeV. As discussed earlier, at these oscillator frequencies our calculated ⌳ s.p. energies are found to have saturation minima ͑stable equilibrium͒. The columns 2 nd Ϫg denote the full calculations including all first-and second-order G-matrix diagrams for the Q box and the corresponding folded diagrams to all orders. To study the effect of the three-body ⌳NN force induced by N⌳ϪN⌺ transitions, we have repeated the above calculation with the three-bodyforce diagram ͑b͒ of Fig. 2 , removed from the calculation. The results are listed in columns No ⌳Ϫ⌺cp. As seen, the effect of the three-body force on the low-lying spectrum is rather small in general. Its main effect appears to be a raising of the lowest 0 ϩ state by about 0.3 MeV for the NSC89 case. The spectra given by the NSC89 and NSC97f potentials are both in satisfactory agreement with experiment ͓21,25͔.
The spin dependence of the ⌳ϪN effective interaction has long been an important topic in hypernuclear physics ͓24,26͔. We may generally write the ⌳ϪN effective interaction as ͓26͔
For the ⌳s 1/2 -Np 3/2,1/2 interaction, the above effective interaction is completely represented by five parameters: V, D, S ⌳ , S N , and T. They are just certain average radial integrals involving, respectively, the radial potentials V o , V , V ⌳ , V N , and V T .
In Table I , we present our results for these five parameters, obtained with the NSC89, NSC97f, and Jülich-B ͑JB͒ potentials. In the column, G ph are the spin parameters obtained from the lowest-order particle-hole G-matrix diagram only, without the inclusion of any core polarization diagrams and folded diagrams. As seen, there are significant differences among the parameters given by the Nijmegen and JB potentials, particularly for the parameter D, which represents the strength of the spin-spin interaction V . The values of this parameter given by the Nijmegen and JB potentials are of opposite signs.
In the column, ⌳⌺3b are the spin parameters given solely by diagram ͑b͒ of Fig. 2 , namely the ⌳NN three-body force diagram. As seen, this diagram has a strong effect on the parameters V and D for the NSC89 potential, but for the other two potentials the effect is weaker, a reflection that the former has a stronger ⌳Ϫ⌺ transition potential than the latter. Bodmer and Usmani ͓23͔ have investigated s-shell hypernuclei using phenomenological ⌳N and ⌳NN potentials. They found that the contribution to the spin dependence from their ⌳NN three-body force reduces that from their ⌳N force by Ϸ1/3. This behavior is not observed for our results, as seen from Table I . For instance, the spin parameter D given by our ⌳N G matrix is enhanced by Ϸ1/2 by our ⌳NN force for the NSC89 case. The last column of Table I lists the parameters obtained with the V e f f matrix elements, with the inclusion of both core polarization and folded diagrams. Generally speaking, the tensor and spin-orbit components of all three potentials are weak. The central component of the JB potential is the strongest among the three potentials considered. The spinspin component of the JB potential is large and of opposite sign from the other two.
In summary, we have developed a two-frequency shell model for investigating hypernuclei starting with a mesonexchange YN potential. In a hypernucleus, hyperons are generally less bound than nucleons, the former being more spatially extended. With this consideration in mind, we have allowed the oscillator frequency for the hyperon to be different from that for the nucleon wave function. We have applied this approach to a folded-diagram G-matrix calculation of ⌳
O. The validity of this approach is supported by our results that the predicted ⌳ s.p. energy exhibits a saturation minimum at ប ⌳ Ϸ10 MeV which is much smaller than the value ប N ϭ14 MeV for nucleons. The ⌳s 1/2 s.p. energies given by the NSC97 potentials are about 3 MeV more than that by the NSC89 potential, in qualitative agreement with the UMO results of Fujii et al. ͓22͔ .
Using our two-frequency shell model, we have calculated the spin-dependence parameters for the ⌳ϪN effective interactions. Our results show that the ⌳NN three-body interaction calculated from the NSC89 potential has a large effect on the spin parameters. The predicted energies for the lowlying states of ⌳
O are generally close to the experimental values, and are not significantly affected by the ⌳NN threebody force. A central parameter in our approach is the oscillator frequency ប ⌳ for the ⌳ orbits. The rms radius for the ⌳ particle is directly related to ប ⌳ . Although it may be difficult to measure this radius experimentally, such a measurement would certainly be very helpful in putting a strict constraint on the ប ⌳ value.
We believe that the two-frequency shell-model approach provides a more realistic framework than the conventional ͑one-frequency͒ shell-model approach for understanding the structure of hypernuclear nuclei in terms of the elementary YN interactions. It will be very useful in probing the hypernuclear dynamics using the new data from the Thomas Jefferson Laboratory as well as other new hadron facilities.
